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Abstract 

We prove the following theorem: the Dirac equation for an electron 
(invented by P.A.M. Dirac in 1928) can be written as a linear tensor 
equation. An equation is called a tensor equation if all values in it are 
tensors and all operations in it take tensors to tensors. 



*Research supported by the Russian Foundation for Basic Research, grants 00-01-00224, 
00-15-96073, and by the Royal Society. 

1 



Contents 



1 Part I. 3 

1.1 The Dirac equation for an electron 3 

1.2 The Chfford algebra and the spinor group 5 

1.3 Secondary generators of the Clifford algebra 8 

1.4 Idempotents, left ideals, and matrix representations of C^(l, 3). 9 

1.5 A one-to-one correspondence between and C^c(l, 3). ... 12 

1.6 The covariance of the Dirac equation 14 

1.7 Algebraic bispinors and the Dirac equation 15 

1.8 Hestenes' form of the Dirac equation 16 

1.9 The Grassmann-Chfford bialgebra 18 

2 Part II. 18 

2.1 The exterior algebra of Minkowski space 18 

2.2 Operators ci, 5, T, A 21 

2.3 A tensor form of the Dirac equation 23 

2.4 Other tensor equations 26 



Introduction 

The Dirac equation for an electron [9] can be written in several different but 
equivalent forms. In this paper we consider two forms of the Dirac equation. 
Namely Hestenes' form of the Dirac Equation (HDE) and the Tensor form of 
the Dirac Equation (TDE). The aim of this paper is to prove the following 
theorem. 

Theorem 1. The Dirac equation for an electron (2) (see [9]) can be written 
in a form of linear tensor equation (58). 

An equation is said to be written in a form of tensor equation if all values 
in it are tensors and all operations in it take tensors to tensors. 

A column of four complex valued functions (a bispinor) represents the 
wave function of the electron in the Dirac equation. This wave function 
has unusual (compared to tensors) transformation properties under Lorentz 
changes of coordinates. These properties are investigated in the theory of 
spinors (see [1], [2], [3], [20], [23]). 



2 



There were attempts to find tensor equations equivalent to the Dirac 
equation [11], [12], [13]. The resulting equations were nonlinear. This fact 
leads to difficulties with the superposition principle, etc. The tensor equation 
under consideration in our paper is linear. 

In the first part of paper we consider the Clifford algebra Ci{l, 3) and in 
the second part we consider the exterior algebra of Minkowski space A{S). 
Elements of A{S) are covariant antisymmetric tensors and elements of Ci{l, 3) 
are not tensors. 

The tensor form of the Dirac equation (58) under consideration has three 
sources. The first source is the Ivanenko-Landau-Kahler equation (65) (see 
[21], [14]). This is a tensor equation and a wave function of the electron 
is represented in it by a nonhomogeneous covariant antisymmetric tensor 
field with 16 complex valued components (four times more than in the Dirac 
equation) . 

The second source is Hestenes' form of the Dirac equation (46) (see [6], [7]). 
The wave function of the electron is represented in it by a real even element 
of the Clifford algebra C^*^^'^°(l, 3) and has 8 real valued components. This 
equation is equivalent to the Dirac equation (see the proof in [8]). HDE 
contains nontensor values namely elements of the Clifford algebra Cf(l,3). 
Hence it is not a tensor equation. 

The third source is the constructions developed in [15], [16], [17], [18]. 

Also we want to mention an interesting approach to the construction of 
the 2D Dirac tensor equation suggested by D.Vassihev [19]. 

1 Part I. 

1.1 The Dirac equation for an electron. 

Let £ be Minkowski space with the metric tensor 

9 = \M\ = ll^'^ll = diag(l, -1, -1, -1), (1) 

coordinates, and 9^ = d/dx^. Greek indices run over (0,1,2,3). Sum- 
mation convention over repeating indices is assumed. Our system of units is 
such that speed of light c. Plank's constant h, and the positron charge have 
the value 1. 
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The Dirac equation for an electron [9] has the form 
j'^{dnip + ia^tl)) + irml) — 0, 



(2) 



where tp = {ipi ^2 V's is a column of four complex valued functions of 

^) {ip is the wave function of an electron), = a^{x) is a 
real valued covector of electromagnetic potential, m > is a real constant 
(the electron mass), and 7^ are the Dirac 7-matrices 
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The equation (2) is invariant under the gauge transformation 

where A = A(x) is a smooth real valued function. 
The matrices (3) satisfy the relations 

7V + 7V = 277'*"1, 
where 1 is the 4 x 4- identity matrix and 

||r]^-|| = diag(l, -1,-1,-1). 

Note that if 4 x 4-matrix T is invertible, then the matrices 7^^ 
also satisfy (5). 

Let us denote 



(4) 



(5) 



Then the 16 matrices 



for < //i < • • • < //jt < 3. 



1 ^,0 ^,1 2 ^3 ^,01 ^,02 ^,03 ^2 ^3 23 m2 ^023 ^,123 ^,0123 
1,7 ,7 ,7 ,7 ,7 ,7 ,7 ,7 ,1 ,1 ,1 ,1 ,7 ,7 ,7 



(6) 

(7) 



form a basis of the matrix algebra A4(4, C) (C is the field of complex numbers 
and TZ is the field of real numbers) . 
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Remark. We assume that the matrix \\ri^^\\ is independent of g from (1). 
And more than this, the values g^^ and 7]^^ have different mathematical 
meaning. Namely metric tensor g^^ is a geometrical object which is attribute 
of Minkowski space. But the matrix \\'r]^^\\ is an algebraic object which 
contains structure constants of an underlying algebra (as we see in a moment 
this algebra is the Clifford algebra). Accidentally, the matrices and 
ll^i'^'^ll have the same diagonal form diag(l, —1, —1, —1). 

1.2 The Clifford algebra and the spinor group. 

Let £ be a real 16-dimensional vector space with basis elements enumerated 
by ordered multi-indices 

£, £\ (8) 

Suppose the multiphcation of elements of C is defined by the following rules: 

(i) C is an associative algebra (with the unity element £) w.r.t. this multi- 

plication; 

(ii) li't + = 2r]^'''^] 

(iii) f'^i . . . 11"^ = for < //I < • • • < //fc < 3. 

Then this algebra C is called the (real) Clifford algebra^ and is denoted by 
C^(l,3), where the numbers 1 and 3 determine the signature of the matrix 
||77'''^||. The complex Clifford algebra is denoted by C£c{^, 3). 
Elements of (^(1, 3) of the form 

E (9) 

IJ-l<-<t^k 

are said to be elements of rank k. For every k = 0,1,2,3,4 the set of elements 
of rank A; is a subspace C^'^(l, 3) of (^(1, 3) and 

a(l, 3) = (^°(l, 3) © ... © a\l, 3) = C^"""°(l, 3) © CI°'^'^(1, 3), 

^The Clifford algebra was invented in 1878 by the English mathematician W.K.Clifford 
[10] 
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where 



^even^^^g) = 3) ^'(l, 3) ® (1^(1, 3), 

a°'^^(l,3) = (^i(l,3)®a^(l,3). 

The dimensions of the spaces Ci''{l, 3), k = 0, 1, 2, 3, 4 are equal to 1, 4, 6, 4, 1 
respectively and the dimensions of Ci^''^^'{l, 3) and Ci°'^^{l, 3) are equal to 8. 
Four elements of (^(1, 3) are called generators of the Chfford algebra if any 
element of 3) can be represented as a linear combination of products 
of these generators. Four generators G C^(l,3) are said to be primary 
generators if L/^L^ + L^'L^' = 2ri^"'e. 

Hence, the basis elements are primary generators of the Clifford algebra 

a{i,3). 

Let us define the trace of a Clifford algebra clement as a linear operation 
Tr : a ^ n or Ti : ac ^ C such that Tr(£) = 1 and Tr(£/^i-'^'=) = 0, A; = 
1, 2, 3, 4. The reader can easily prove that 

Tr(UV - VU) = 0, Tr(V-^UV) = TrU, U,V E ac- 

For 

E u,,...,,r-'^'=eCX^(l,3) 

Ml<---<Mfc 

we may define an involution * : C£^ — > C^^, /c = 0, . . . , 4 by 

u*= E u,,...,,^^K..t\ (10) 

where the bar means complex conjugation. For U G (1^(1, 3) we have 

^ fc(fc-i) 

U* = (-1) 2 [/. 

It is readily seen that 

u**^u, {uvy^v*u*, u,vea{i,3). (ii) 

Let us define the group with respect to multiplication 

Spin(l, 3)^{S e 3) : S*S = £}, 
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which is called the spinor group. For any F G 3) consider the linear 

operator Gp '■ CE{1,3) (1{1,3) such that 

Gf{U) = F*UF. (12) 

In the sequel we use the following well known propositions (see proofs in 
[23]). 

Proposition 1. If T e (^'^^'^'^(1, 3) or T e ^^'^'^(l, 3), then 

Gt : a*^(l,3) ^^^^(1,3), A; = 1,2, 3; 

Gt : a°(l,3)e(X^(l,3) ^(X°(l,3)ea^(l,3). 

Proposition 2. If 5" e Spin (1,3), then 

Gs : a'' (1,3) ^ a'' {1,3), A; = 0,1, 2, 3, 4. 

and 

S*tS = p^t, for S e Spin(l, 3), (13) 
where the matrix P — \\p'^\\ satisfies the relations 

p^gP = detP = 1, p^o> 0- (14) 
Therefore if we transform the coordinate system 

x'' = p';x^, (15) 

with the aid of this matrix P = P{S), then we get the proper orthochronous 
Lorentz transformation from the group S0"^(l,3) . Conversely, if some ma- 
trix P specifies a transformation (15) from the group S0"'"(1, 3) , then there 
exist two elements ±5" G Spin(l, 3) such that the formula (13) is satisfied (in 
other words Spin(l, 3) is a double covering of S0''"(1, 3) ). We say that the 
transformation of coordinates (15), (14) from the group S0"'"(l,3)is associ- 
ated with the element S e Spin(l, 3) if (13) holds. 
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1.3 Secondary generators of the Clifford algebra. 

Denote = fO^^s ^ £0£i£2£3^ ^hen {i^y = -i and commutes with all 
even elements and anticommutes with all odd elements of Ci{l,3). 

Definition 2. If elements H e a\l,3) and I,K e a'^{l,3) satisfy the 
relations 

= ^K^ ^ -£, [H, I] = [H, K] = 0, {/, K}^IK + KI ^ 0, 

(16) 

then the elements H, £^,I,K are said to be secondary generators of the Clif- 
ford algebra a{l, 3). 

In particular, if we take 

H = I = k = -t^, (17) 

then these elements satisfy (16) and hence, the elements i?, /, K are sec- 
ondary generators of C?(l, 3). 

If iJ, /, K are secondary generators of C^(l, 3), then the 16 elements 

7, HI, HK, IK, HIK, t, tH, tl, tK, fHI, fHK, tiK, fHIK 

are the basis elements of C^(l,3) (linear independent) and the trace Tr of 
every element of this basis, except £, is equal to zero. 

Let H, i^,I,K be secondary generators of (J(l, 3). The first pair H, £^ is 
such that 

ij2 = £^ (£5^)2 _ {H,£^} = 0. (18) 

Thus the elements H,i^ are generators of the Clifford algebra Ci{l, 1). 
The second pair /, K is such that 

I^ = K'^ = -£^ {I,K} = 0. (19) 

Therefore the elements /, K are generators of the Clifford algebra Ci(0, 2) 
(which is isomorphic to the algebra of quaternions). Furthermore, the ele- 
ments H, £^ are commute with the elements J, K 

[H, I] = [H, K] = [£^ /] = [£^ k] = o. (20) 

Consequently the Chfford algebra C^(l, 3) is isomorphic to the direct product 

(1(1,3) ~ (1(1,1) 0(1(0,2). 
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This relation leads to the well known fact that C?(l, 3) can be represented by 
the algebra Ai{2,T-C) of 2x2 matrices with quaternion elements. 
We omit proofs of the following three propositions. 

Proposition 3. Suppose elements H e 3) and I e 3) satisfy 

the relations 

= 72 ^ [H, I] = 0. (21) 

Then there exists an invertible element T e Ci^^^'^{l, 3) such that 

T-^HT = T-^IT = -f^. 



Proposition 4. Suppose elements H e Ci^{l,3) and / e (^^(1, 3) satisfy the 
relations (21). Then there exists an element 5" e Spin(l,3) such that 



s*Hs = r, s*is = - 



nl2 



Proposition 5. Suppose H,l^,I,K are secondary generators of C^(l,3); 
then there exists a unique element 5* e Spin(l, 3) such that 



S*HS = S*IS = -f^, S*KS = -e 
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1.4 Idempotents, left ideals, and matrix representa- 
tions of a(l,3). 

An element r of an algebra A is said to be an idempotent if = r. A 
subspace T C ^ is called a ieii!; ideal of the algebra A ii au e I for all 
a E A, u E I. Every idempotent t e A generates the left ideal 

X(r) ={aT : ae A}. 

Consider the idempotent 

t = ^ie + H){e-zi) (22) 
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and the left ideal I{t) of C^c(l,3). The complex dimension of X(t) is equal 
to 4. Let us denote 

tk^Fkt, A; = 1,2, 3, 4, (23) 

where 

Fi^e, F2^K, Fs^-U^, F^^-Klt. (24) 

Elements tk G 1{t), k — 1, 2, 3, 4 are hnear independent and form a basis of 
I{t). It is easy to check that tkti = tk and tktn = for n 7^ 1. 
Let us define an operation of Hermitian conjugation 

:= HU*H, U e ac(l, 3) (25) 

such that {UVy = V'fW, = U. 

Now we may introduce a scalar product of elements of the left ideal I{t) 

{U, V) :=4Tr{UV^), U,V e I{t). (26) 

This scalar product converts the left ideal X{t) into the four dimensional 
unitary space. 

Theorem . The basis elements t^ = t^ , k — 1,2,3,4 ofI{t) are mutually 
orthogonal w.r.t. the scalar product (26) 

{tkX)^5l, A;, 71 = 1,2,3, 4 

where (5f = 1 and 5^ = for k ^ n. 

Proof is by direct calculation. 

In what follows we use the formulas 

* = (*,i*^)ife for *eT(i) (27) 

and 

{KU,V) = {U,KW) for U,V &l{t), K &ac{l,?>). 

Now we introduce the following concept. We claim that the set of sec- 
ondary generators i7, i^,I,K uniquely defines a matrix representation for 
C^(l,3). Indeed, for U e C^(l,3) the products Utk belong to I{t) and can 
be represented as linear combinations of basis elements tn with certain coef- 
ficients 7(^7)fe 

Utk = l{U)ltn, A; = 1,2,3,4. (28) 
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Thus, the matrix '~f{U) with the elements 'y{U)^ (an upper index enumerates 
hues and a lower index enumerate columns of a matrix) is associated with 
the element U e C^(l,3). In particular, the matrices 7'^ = are defined 

by the formulas 

i^'h = linitn, = 1, . . . , 4; = 0, . . . , 3. (29) 

Considering scalar products of the left and right hand sides of (28), (29) by 
and using mutual orthogonality of tk, we get 

7(t/)^ = (t/^fe,r) (30) 

and, in particular 

i7-i{m-{^'hX). (31) 

It can be shown that 

^{UV) =^{U)^{y), 7(^) = l, l{aU)=a^{U),aeC. 

Therefore the map 7 : — > A^(4, C) defined by (28) is a matrix representa- 
tion of the Chfford algebra C£. 

If we take secondary generators of the form (17), then the matrices 7^* 
from (31) are equal to the matrices from (3). 

Let S be an element of the group Spin(l, 3) and 7(5*), 7(5**) be the matrix 
representation of 5", S* given by (28). From the formula (13) we have 

SHI'S = p^t, SrS* = q''/!', (32) 

where 

For the secondary generators H,l^,I,K consider the transformation 

{H, I, K) {S*HS, £^ S*IS, S*KS), 

which leads to the transformation of the left ideal I{t) I{S*tS) and the 
basis elements 

tk ^ tk — S*tkS. 

Now we may define a new matrix representation of the Clifford algebra 7 : 
Ci^ M{4:, C) with the aid of the formula 

Utk = l{U)lt^. (33) 
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Theorem . For every U & C£ the matrix '~f{U) deRned with the aid of (30) 
connected with the matrix representation 'y{U) by the formula 

j{u)^^{SMuus*). 

Proof. It is sufficient to prove this theorem for the primary generators £'^. 
We have 

Multiplying both sides of this relation from the left by S* and from the right 
by S, we obtain 

{S*i''S)iS*tkS)=^inkiSX.S). 
Substituting S*tkS = 4 and SHI'S = pi^l" from (32), we get 

Multiplying both sides by from (32) and summing over /i, we obtain 

= {i{sh{e'h{s*)rkL 

This completes the proof. 

Let us note that 7(^) = 7(^) and 7(^*) = 7(^*) 

1.5 A one-to-one correspondence between and 

C^c(l,3). 

The dimension of the linear space (3?''™"(1,3) is equal to 8. The left ideal 
I{t) has the complex dimension 4 and, thus, the real dimension 8. We may 
consider the map Ci^^^'^{l, 3) — > I{t) given by the formula 

where e Ct^^^^il^Z) and (j)^ = (^t,t'^). Let us prove that this map gives 
the one-to-one correspondence between the even Clifford algebra C^*^^*^'^(l, 3) 
and the left ideal T{t) . 
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Theorem 3. Suppose $ = 4>Hk € Then the equation for fl e 

(1^™^(1,3) 

nt^^ (34) 

has a unique solution 

n^Fk{aH + l3^I), (35) 
where (f)^ — a!^ -\- i(5^ and Fk are defined in (24). 

Proof. Multiplying both sides of (35) from the right by t and using the 
relation It = it, we see that the formula (35) really gives the solution of (34). 
Now we must prove that the homogeneous equation fit — has only trivial 
solution Q = 0. Firstly we give the proof for the secondary generators from 
(17). Suppose Q is of the form 

IJt<v 

Then the element fit e X{t) can be expanded in the basis tk 

fit = {u} - iu}i2)ti + (-a;i3 - iuj2^)t2 + (-a;o3 + iu}5)t^ + (-u;oi - ^^^02)^4- 

Therefore from fit = Q we get f2 = 0. For the case of general secondary 
generators we must represent fl as the linear combination of products of the 
generators /, K and arguing as above. So the solution (35) of (34) is 
unique. This completes the proof. 

Theorem . If * e a^™°(l, 3) and S G Spin(l, 3), then the relation 

= ^'tfc, (36) 
where ijj'' — {"^t, t^) e C, is invariant under the following transformation: 
tk 4 = S*tkS, 

^ ^ (37) 

Proof. We have 

{m-i^Hk)s* = m-{stut^)i,'s*tk = 

= m-^\sti,t'){s%,f')tn^ 

= m-^l:^tn. 
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Here we use the formulas 

S*tk — {S*tk, t^)tn 

and 

{Stut%SH,X)=l{S)HS*)l = S'{. 
This completes the proof. 

Consider the correspondence — >■ 7^ between primary generators of the 
Clifford algebra and Dirac's 7-matrices. Let us extend this correspondence 
to the map 7 : ^(1,3) ^ A^(4,C) or 7 : ^0(1, 3) ^ A^(4,C) in such a way 
that any element of the Clifford algebra 

U^ut + u^e+ J2 E ^^s^^^+^^om^"''' (38) 

corresponds to the matrix U e A^(4, C) 

U^ul + u,r+ ^^1^2^'"'+ E «/.™7™ + «oi237°''' (39) 

Ml</i2 IJ-l<IJ.2<IJ-3 

And let ^ : A1(4, C) ^ (lc(l, 3) or £ : A<(4, C) a{l, 3) be the inverse map 
such that any matrix (39) corresponds to the element (38) of the (complex) 
Clifford algebra. 

1.6 The covariance of the Dirac equation. 

Let us consider the transformation of the Dirac equation (2) under a change of 
coordinates (x) (x) from the group S0+(1, 3) . This change of coordinates 
(15), (14) is associated with an element S G Spin(l,3) in accordance with 
(13). By S = 7(5') denote the matrix representation of the element S. Then 
the matrix S satisfies 

s*rs^p;r- (40) 

The covectors and a^^ are transformed under the change of coordinates 
(15) as 

dui^P^^d^, a^^p^^d^, (41) 
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where dp = d/dx'^ and a,^ are components of the covector in coordinates 
{x). By substituting (41), (40) into (2), we obtain 

7'^((?^V' + ia^V') + irm/j = p^^^'^id^ip + ia^ip) + imijj = 

= S*'~^^S{di,ip + iciyip) + irml) = 
= S*(7'^(a,(SV') + ia,(SV')) + im(SV')) 

Hence, if a column of four complex valued functions = V'(^) iii the 
coordinates {x) satisfies the equation (2), then the column — S'il){x{x)) in 
coordinates [x) satisfies the equation 

Y{dui^ + ia^i^) + irni) = 0, (42) 
which has the same form as (2). 

Definition 1. A column of four complex valued functions ip is called a 
bispinor if ip transforms under the change of coordinates (15), (14), (13) as 
ij; ^ jjj — Sip{x{x)), where S = 7('S'). 

1.7 Algebraic bispinors and the Dirac equation. 

Consider the equation [4] 

r(a^p + ia^p)+imp = 0, (43) 

where p — p{x) e C^c(l, 3). The element p has 16 complex components, i.e., 
four times more than the bispinor. Multiplying the equation (43) from the 
right by t, we obtain that the element 9 — pt & X{t) satisfying the same 
equation 

r (9^^ + ia^e) + im,e = 0. (44) 

Theorem 2. An element 9 — ip^t'' e X(t) satisfies the equation (44) iff the 
column ip — {ipi ■02 V'3 satisfies the Dirac equation (2). 

Proof. Necessity. Substituting 9 = tp^t^ into (44) and using (28), we get 

(-"t^id^ipk + + irmpit^ = {ifid^'ipk + + im'ipi)t^ = 0. (45) 

Taking into account the linear independence of t'^, we obtain the equations 

itid^ipk + iai^ipk) + imipi = 0, / = 1, 2, 3, 4, 
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which is evidently equivalent to the Dirac equation (2). 

Arguing as above but in inverse order, we prove sufficiency. This com- 
pletes the proof. 

We say that for t from (22) the left ideal I{t) C C^c(l,3) is the spinor 
space. Elements of the spinor space are called algebraic bispinors. The 
formula 9 = ipkt'' gives the relation between the algebraic bispinor 9 e I{t) 
and the bispinor ip — {ipi -02 "03 '04)"^- 

1.8 Hestenes' form of the Dirac equation. 

Let H, i^, I, K be secondary generators of C?(l, 3) and be independent of x. 
Consider the equation for * = e (T''^'^{1, 3) 



which was invented by D. Hestenes [6] in 1966. This equation is called 
Hestenes' form of the Dirac equation (HDE). Let us show that the equa- 
tion (46) is equivalent to the equation (44) and consequently to the Dirac 
equation (2). To prove this fact we need the following theorem. 

Theorem 4. An element * = *(x) e a^^^°(l, 3) satisfies the equation (46) 
iff the element 9 — E X{t) satisfies the equation (44). 

Proof. Necessity. Suppose ^ e C^*^^^'^(l, 3) satisfies the equation (46). Let 
us multiply (46) from the right by the idempotent t and use the relations 



Then we get the equation (44) for 61 = *t e I{t) 

£^{di,m + a^-^It) + m-^HIt = i^{di,m + ia^^t) + imm = 0. 

Sufficiency. Suppose the element 9 G X(t) satisfies the equation (44). Let us 
multiply this equation from the right by t and use the relations 



(46) 



Ht = t, 



It = it. 



t = tH, it = tl, 9t = 9. 



Then we obtain 



F{d^9 + a^9I)+m9HI = 0. 



(47) 



16 



Now using Theorem 3 we may take ^ G Ci^™^{l,3) as the solution of the 
equation = 9. We claim that this ^' satisfies the equation (46). In fact, 
substituting 9 — into the equation (47) and multiplying from the left by 
H, we get 

= H{£''{d^-^ + a^-^I) + m^HI)t = Qt, 

where Q G Ci'^™{l,3). By Theorem 3 the equation Qt = has only the 
trivial solution = 0. Hence \1' satisfies (46). The theorem is proved. 

Thus, we have proved that HDE (46) for ^' G (^'^^''(1,3) is equivalent to 
the Dirac equation (2) for ip = {ipi ip2 ips V'4)'^ ; i^k = (^k + if^k and the relation 
between these solutions is 

^ = F''{aki + M, (48) 

where the summation over k = 1, 2, 3, 4 is assumed. 

Consider a change of coordinates (15), (14), (13) from the group 
S0"'"(l,3) associated with the element 5" G Spin(l,3). Arguing as in section 
3, we see that HDE transforms under this change of coordinates as follows 

r((9^^ + a^^J) + m^HI = ,5*(r((9^(5^) + a^{S^)I) + m{S^)HI). 

Hence, if ^ = ^(x) G CI"™'^(1,3) in coordinates (x) satisfies HDE (46), then 
the element ^ = S^{x{x)) in coordinates (x) satisfies the equation 

r{d^-^ + a^-^I) + m-^HI = 0, 

which has the same form as (46). As was shown, the relation in coordinates 
{x) between a solution ip of the Dirac equation and the solution ^ of HDE 
is given by the formula 

m = ^|Jkt\ ^ = (^1^2 ^3^4)^. 

And the relation in coordinates (x) between the solution ip = Sip of the Dirac 
equation and the solution \E' = S'\E' of HDE is given by the formula 

Indeed, using the formula St — 7(5")^^', where 7(5")^ are elements of the 
matrix S, we obtain 
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1.9 The Grassmann-Clifford bialgebra. 

Suppose that for elements of Ci{l, 3) the exterior multiphcation (denoted by 
A) is defined by the following rules: 

(j) d{l. 3) is an associative algebra (with the unity element i) with respect 
to exterior multiplication; 

(jj) £^Ar^-rA£^ ,1^,^^0,1,2,3; 

(jjj) ^1 A . . . A = ^1-'"= for < /ii < • • • < /Xfc < 3. 

The resulting algebra (equipped with the Clifford multiplication and with 
the exterior multiplication) is called the Grassmann-Clifford bialgebra and 
is denoted by A(l,3). The complex valued Grassmann-Clifford bialgebra 
is denoted by Ac (1,3). Any element U e A (1,3) can be expanded in the 
basis as in (38). The coefficients m^i...^^. in (38) are enumerated by ordered 
multi-indices. Let us take the coefficients that are antisymmetric w.r.t. all 
indices 

where square brackets denote the operation of alternation (with the division 
by k\). Then elements of the form 

E ^.....J"'-"' = ^^^i...^/"^^ A . . . A T'^ = l-,u^,....,n ...f^ (49) 

arc said to be elements of rank k and belong to A'''(l,3), where A*^(l,3), 
A^™^(1,3), A°<^^(1,3) are the same as C^'=(l,3), ^'^^^"(1,3), a°'^'^{l,3). If 
U e A"(l,3), V e A^(l,3) then 

[/A (-l)^^V^AC/ e A'-+^(l,3). (50) 

2 Part II. 

2.1 The exterior algebra of Minkowski space. 

Let 8 be Minkowski space with the metric tensor (1), with coordinates x^, 
with basis coordinate vectors e^, and with basis covectors = g^'^Cu- Con- 
sider a covariant antisymmetric tensor field of rank < k < 3 on S with 
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components 

It is suitable to write this field with the aid of the expression 

^u,,...,,e''' A-.-Ae"", (51) 

where the expression e"^ A ... A e"'' in the fixed coordinates (x) can be con- 
sidered as an element of the Grassmann algebra. Under a linear change of 
coordinates 

= Q^x^ = q'.x" (52) 

the transformation rule for the expression e^^ A ... A e'^'' corresponds to the 
transformation rule for basis covectors . That is, 

e'^ = g;:e^ e^^ A . . . Ae^'^ ^ ql\ . . .qlle>^^ A . . . A~e^K (53) 

Therefore under the change of coordinates (52) the expression (51) is invari- 
ant 

1 ., .,1 



where 



^,-w.,...,e^i A ... A 6'^'= = A . . . A e^S 



are components of the tensor field u^i„Mk iii the coordinates {x) and 

Pt-g^^ pX = ^1 (5,^ = l,5i = 0for/x^A). 

The expressions (51) are called exterior forms of rank k or k- forms. The set 
of all /c-forms is denoted by A*^(£^). The formal sum of /c-forms 

E ^^-i.-.e'^^ A ... A 6'^'= (54) 
k=o ■ 

arc said to be (nonhomogeneous) exterior form. The set of all exterior forms 
is denoted by A(£) and 

K{£) = hP{e) e . . . e A^(f) = a"^"°(5) ® h°'^^{£). 



19 



It is well known that the exterior product of exterior forms is an exterior 
form. 

Consider the Hodge star operator ★ : K^{S) ^"^-^{8). If C/ e K^{E) 
has the form (51), then 

A;!(4 - A;)!^''"'' /\ . . . /\ e , 



where 



" — y ■ ■ ■ y U'vi..Mi. 



and £^i...jU4 is the sign of the permutation (/^i . . . /i4). -kU is an exterior form 
(a covariant antisymmetric tensor) w.r.t. any change of coordinates with a 
positive Jacobian. 

Remark. In this paper wc consider changes of coordinates only from the 
group S0+(1, 3) (a Jacobian is equal to 1) and do not distinguish tensors and 
pseudotensors. 

It is easy to prove that for any U e K^{S) 

^^U) = (-l)^+^[/. (55) 

Further on we consider the bilinear operator Com : A'^{£) x A'^{£) A^(£') 
such that for basis 2-forms 

Com(e''i e'^^Ae'^^) = -2gf'''''e^''Ae''^-2g^'^'''e^'Ae'''+2gf''''^e''^Ae'''+2g^'^'''e 
Evidently 

Com(C/, V) = -Com(y, U), U,V e A^S). 

Now we define the Clifford multiplication of exterior forms with the aid of 
the following formulas: 

Ofc fcOO k k 

UV = VU=U AV=V AU, 

Ik Ik 1 k 

UV = U AV - *{U A^V), 

UV = U AV + i^{-^U AV), 

UV = U AV +*{U AicV) + ^Com{U,V), 
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uv = i^u A-kV - 'twill ^-^v), 

2 4 2 4 

UV = ★c/A^y, 

3 2 3 2 3 2 

uv = A* y A y 

3 3 3 3 3 3 

uv = ^U A^V + ^{U A^V), 

3 4 3 4 

UV = *UA*V, 

4 2 4 2 

UV = ★c/A^y, 

4 3 4 3 

UV = -★C/A*T/, 

4 4 4 4 

UV = -*C/A*T/, 



where ranks of exterior forms are denoted as [/€ A'^{S) and k = 0, 1, 2, 3, 4. 

From this definition we may get some properties of the Chfford multiph- 
cation of exterior forms. 

1. liU,V e A{S), then UV G A(^). 

2. The axioms of associativity and distributivity are satisfied for the Chfford 

multiphcation. 

3. e'^e'' = e'^ A e'' + g'^^'e, e'^e^ + e^e'' = 2c/'"'e. 

4. e'^i . . . e'^fc = e'^i A . . . A e^"' = e'^i- '^'^ for < //i < • • • < //jt < 3. 

5. IiU,V e A\S), then Com(f/, \/) = [/y - VU. 

Taking into account these properties of Chfford multiphcation, we may 
conclude that Propositions 1 - 5 of Part I initially formulated for elements 
of C£{1, 3) are also vahd for elements of A{£). 

In the sequel, we use the group 

Spin(£:) ^{Se A"^""(£:) : S*S = e}. (56) 

2.2 Operators d,6,T,A. 

First consider the operator 

dV^e^" A df,V, V e A{S) 

such that 
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1) d : A^{S) ^ A^+\S); 

2) ^ 0; 

3) d{U AV) = dU AV + (-!)'=[/ A dV for [/ e A^(£), 1/ e A(£). 
Secondly, consider the operator S 

5U^i.di.U for UeA(£) 

such that 

1) 5 : A*^(£:)^ A'=-i(£:); 

2) = 0. 

Thirdly, consider the operator (Upsilon) 

T^d-5 

such that 

1) T : A'=(£:) ^ A''+\£) ® A''-\S); 

2) TU^e^d^U. 

The second property in this list follows from the definition of Clifford multi- 
plication 

1 k 1 k 1 k 

UV=U AV - *{U AicV) 
1 

if we formally substitute f/= e^df,. 

Finally, consider the Beltrami-Laplace operator 

A = = (d - = -{dS + Sd) = g^^d^dr, 

such that 

1) A : A*^(£:) ^ A'=(£:); 

2) A commutes with the operators 5, T, -k. 
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2.3 A tensor form of the Dirac equation. 

Let H e A^{£), / e A^(£) be two independent of x exterior forms such that 

= e, 7^ = -e, [H, I] = 0. (57) 

Now we consider the equation 

T$ + A^I + m^HI = 0, (58) 

where $ = $(x) e A''''''"(£), A = aij,{x)e^ e A^(^), and m > is a real 
constant. All the values ($, A, 7, 77) in (58) are exterior forms (covariant 
antisymmetric tensors). Two operations are used in (58). Namely the differ- 
ential operator T = d ~ 6 = e'^d^ and the Clifford multiplication of exterior 
forms. Both operations take exterior forms to exterior forms. In other words, 
(58) is a tensor equation. We say that the equation (58) is the Tensor form of 
the Dirac Equation (TDE). The TDE is invariant under the following global 
(independent of x) transformation 

$ ^ ^S, 

77 ^ S*HS, (59) 
7 ^ S*IS, 

where S G Spin(£^), df^S = 0. 

In a fixed coordinate system (x) the TDE is equivalent to HDE (46) and 
the connection between (58) and (46) is given by the formula 

Let us remind that HDE (46) is equivalent to the Dirac equation (2) and the 
connection between them is given by the formula (48). 

Remcirk. Taking into account the theorem 5, it is clear that we may use 
in the TDE 77 e A°^'^{£), I e A^^^°(£:) which satisfies (57) instead of 77 e 
A^(£), 7 G A^(£^). In this case the equation (58) is invariant under the global 
transformation 

$ ^ $r, 77 ^ r-^77r, i t-^it, 

where T G A'^^'^"(£) is an invertible element. 
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Under a linear change of coordinates (x) (x) all exterior forms are 
invariants. Therefore in coordinates (x) the TDE has the form 

tl> + il>/ + m^HI = 0, 

where t = ei^d/dxi" = T, l> = i = >1, ^ = //, 7 = 7 and l>, i, ^, 7 are 
the exterior forms written in coordinates (x). 

Let us define the trace of an exterior form as a linear operation Tr : 
A(^) ^ 7^ or Tr : Ac(i') ^ C such that Tr(e) = 1 and Tr(e^i-^'=) = 0, A; = 
1, 2, 3, 4. The reader can easily prove that 

Ty{UV - VU) = 0, Ty{V-^UV) = Tr[/, U,V & A{S). 

Now we can find the conservative current for the TDE. For this let us denote 

C = $*(T$ + ^$7 + m$777), $ = 77$*. 

Then 

77C = $(e''a^$ + A^I + m^HI), HC* = {d^.^e'' - I^A - mlH^)^. 

Using the formula Tr:{UV — VU) — we get 

Tr(7$y4$ - ^AM) = 0, Tr(777l>$ - $$777) = 0. (60) 

Suppose $ e A''^''"(£) is a solution of the TDE, then, with the aid of (60), 
we obtain 

= Tr(77(C + C*)) = Tr($e''9^$ + ^^^e''^) = Tr(9^($e^$)) = df^f, 
where 

Therefore the vector j^^ is the conservative current. If we take the 1-form 

then the divergence d^j^ — can be rewritten in the form 

6J = 0. 
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Finally let us define the Lagrangian from which the TDE can be derived 

Lagri^Tr{HCI). 

Adding the term that describes the free field A to Lagri, we obtain 

Lagr = Lagn + Tr{F'^) , (61) 

where F = dA is & 2-form, Tr(F^) = -^f^f^u, fi^u = d^a^, - d^a^. Hence 
the Lagrangian Lagr depends on the following exterior forms: $ e A^'^^°(£^), 
$ e A°^^{£), A G ((£"). Using the variational principle [22] we suppose that 
the exterior forms $ and $ arc independent and as the variational variables 
we take the 8 functions which are the coefficients of the exterior form $ 
and the 4 functions which are the coefficients of the exterior form A. The 
Lagrange-Euler equations with respect to these variables give us the system 
of equations, which can be written in the form 

{d - 5)$ + A^I + m^HI = 0, 

dA = F, (62) 

6F = J, 

where J = = This system of equation can also be written in the 

form 

e^id^^ + a^$7) + m^HI = 0, 

d^a,, - d^ttij, = fij,^, (63) 

where f = Tr(<le'^$), f^"' = g^^g'^'fxe- 

The Lagrangian (61) and the systems of equations (62), (63) are invariant 
under the gauge transformation with the symmetry group U(l) 

$^$exp(A/), A^A-d\ (64) 

where A = \{x) e A°(£^) and exp(A/) = ecos A + / sin A. And they are also 
invariant under the global (independent of x) transformation (59) with the 
symmetry group Spin(£^). The gauge invariance (64) expresses the interaction 
of the electron (fermion) with an electromagnetic field. The global invariance 
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(59) leads to unusual (compared to tensors) transformation properties of 
bispinors under Lorentz changes of coordinates. 

The Dirac equation can be generalized to the (pseudo) Riemannian space 
V using a special technique known as the tetrad formalism. We suppose that 
the TDE gives another possibility to describe the electron in the presence of 
gravity. Here we must take into account the fact that in Riemannian space 
there is no invariance of equations under global transformations of the form 
(59). Consequently we must use a gauge (local) transformation instead of the 
global transformation (59). This leads to a new gauge field with the Spin(V) 
symmetry group, which we interpret as the gravitational field. For details of 
such an approach see [18]. 

2.4 Other tensor equations. 

Consider the Ivanenko-Landau-Kahler equation [21], [14] 

Tp + iAp + imp — 0, (65) 

where p = p{x) G Ac{S) and A = A{x) e A^(^). We arrive at the TDE (58) 
by multiplying (65) from the right by the idempotent 

t^^(e + H)(e-iI) 

and using the relations 

t = tH, it = tl. 
Similarly, multiplying (65) by 

and using the relation t — tH, we arrive at the following equation: 

Tr] + iAr] + imr]H = 0, (66) 
where rj G A[^™'(i^). In the same way, multiplying (65) by 

and using the relation it — te" we arrive at the equation 

To; + Acue^ + ma;e^ = 0, (67) 
where a; G A(£). Evidently, (65), (66), (67) are tensor equations. 
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